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I. Introduction

TTITUDE determination and control systems are vital to many

spacecraft. Spacecraft may need to point imagers at targets or
solar panels at the sun. In this Note, we devise a set of formulas that
consider all orientations that could meet such single-axis or reduced
attitude pointing goals, including those that minimize slew or avoid a
“keep-out” zone.

Many spacecraft with active attitude control attempt to maintain a
specific three-dimensional (3D) orientation in space [1-5]. However,
in many cases, controlling a spacecraft to a specific 3D orientation is
unnecessary. Consider a satellite with a nadir-pointing camera. If it
points nadir, the goal is met, independent of rotation around the nadir
vector. This consideration, called “reduced attitude,” has been used in
a number of approaches. In [6], this reduction is used to derive a
variety of proportional-derivative (PD) controllers. Various formulas
for the kinematics, dynamics, and control of reduced attitude systems
are shown in [7]. A technique is proposed in [8] for an underactuated
system using reduced attitude to point and avoid a keep-out zone. A
reduced attitude control law robust to various uncertainties is shown
in [9]. In [10], the reduced attitude system is extended to higher
dimensions to derive a control law that stabilizes the full attitude
simultaneously. A trajectory planner is developed in [11] that uses
reduced attitude and meets complex dynamic constraints. In this
Note, we derive and explore formulas that describe the set of all
orientations that meet reduced attitude goals. We also consider a
simple distance metric [Eq. (10)] based on the minimum angle
between orientations. The distance metric is used to derive a simple
formula for the orientation meeting the reduced attitude goal that has
minimum slew from an arbitrary orientation. Additionally, the use of
the reduced attitude set to find acceptable single-axis slews that avoid
pointing toward a keep-out zone is identified. These formulas and the
relevant pointing methods are outlined in an accompanying GitHub
repository: https://github.com/patrickmckeen/quaternion-pointing.
Finally, the formulas derived are applied to two application cases:
the minimum slew from an arbitrary orientation to point an antenna at
a ground station, and identifying single-axis slews to a pointing goal
that avoids a keep-out zone.
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II. Derivation

There are many different notations and conventions for quatern-
ions. This work will use the notation from [3]. Quaternions (which are
all unit quaternions) will be bolded, such as ¢ = [¢7.; ¢4]7, while
vectors (except those representing the vector part of a quaternion like
q,:3) will be bolded and have a diacritic, such as x or x. The symbol
“x” will indicate the conjugate of a quaternion. A unit quaternion
representing a rotation of angle y around axis é is [3,12]

T
qle.y) = [éTsin% cos%] (1)

Consider a body-fixed unit vector 9, such as a camera boresight.
The goal is to orient the body so that ¥ aligns with a unit vector in
the world frame & (such as the direction toward an imaging target).
A value that will be useful in this derivation is @ = arccos(? - ),
which corresponds to the angle between v and u if the coordinate axes
of the body and world frames were aligned. It should be noted that
0<0<ni ||[pxi| =sin€, and |+l = /2(1 +cosd) =
2cos(8/2).

We seek the set of unit quaternions that rotate v onto . Specifi-
cally, we want g such that u = A(g*), where [3,13]

A(g*)0 = 9(q5 — 1q1:511) +241:3(0 - q1:3) +2q4q1:3 XD (2)

We see from Eq. (2) that o Xu =2(D-q;.3) (0 X¢q;.3) +

244(q13—0( - q;:3)). and D-d=cos0=q;~lq1.3]* +2(9-¢,:3)*.
Solving forv X ¢,.3 and v - ¢,.3 and substituting into Eq. (2) (knowing
lgll* = 1) yields

o4 —qud XU+ (1+79-0)g;
VA2 A +1-4-243)
—q4® X1 + 2c05*(6/2)q; 5

Veos?(0/2) — 3

This can be solved for ¢, .3 in terms of 9, %, and ¢ 4. Substituting g, = s
the quaternions satisfying Eq. (2) are

lz:

=+ 3)

i s(Oxa) £9+(/V2) (1 +b-0-25%)/?
T+oa
S

fils) =

2
s(Oxa)E(D+u) cos(0/2) 4 [ 1—- (s/ cos(f}/2)>
= V C))
2cos(0/2)
N

Inserting Eq. (4) into Eq. (2) shows that it is correct. Substitutions lead
to advantageous formulations, shown in Table 1. For example, the
structure of Eq. (4) allows the simultaneous substitution of

cos and sinff = £ 1—(

s s 2

" cos(0/2) cos(0/2)

with “+” consumed by the sin f sign change (with cos(6/2) > 0 by
the definition of 6). This yields

#This Note mostly avoids the use of inverse trigonometric functions, due to
their restricted codomain and the necessity of allowing for sign changes or
shifts. However, in this case, the function limits map exactly onto the space of
possibilities.

/. \
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Table1 Formulations of quaternion set

Variable Definition Reference Bounds Advantage
s(ﬁxﬁ)i((ﬁﬁ)/@)gwﬁ-ﬁd sH)12 — —
s i Eq @) —\fipicsc fup $=da
p ysinf + xcosf Eq. (9) peR Continuous, simple
cos(h/2)(6xi) £ (+) (cos? (¢/2)—cos($/2))
¢ 2c057(6/2) Eq.(7) arccos(d-#) <|p| <m ¢ is rotation angle
cos?
52
xcosa+ysin(6/2) sina . ) .
a costacos? (0]2)+ 5 (0)2) Eq. (9) a€eR a indexes rotation axis
fP(B) = ysinf + xcos 5) III. Minimum Slew from Arbitrary Quaternion

where

C[GxaT 67 . [GEa T
X = [WCOSE} and y = [WO] (6)

Applying Eq. (1) shows the significance: y corresponds to a
rotation of z around 7 = (v + &) /(|| + #]|) and x is the minimal
rotation of @ around m = (0 x &) /(|9 X &|)). This formulation is
related to the set of Eq. (16) in [13], with conversion ¢ = 2.

Additionally, there can be physical significance to the indexing.
We can have the index variable be the rotation angle of the quatern-
ion’s axis-angle form [3]. We apply the variable substitution s =
cos(¢/2) to Eq. (4) to find

cos(h/2)(Bxi) £ ((i+)/v/2) (1+9-1-2c0s($/2))

f¢(¢) = I+oa

¢
cos3

[ cose/2)oxity £ (5+) (cos2(6/2)-cos2 (/)"
— 2c0s2(0/2) (7)

¢
coss

Substituting this into Eq. (1), we see that it indexes the set of
acceptable orientations with the single-axis rotation angle.

Lastly, like Eq. (7) indexes the rotation angle, there is a formulation
where the quaternion set is indexed based on the rotation axis.
Express that axis on the unit circle defined by m = (v x ) /(||0 X
u|)and 7 = (v + ) /(|| + ), indexed by a. By Eq. (1),

f¥(a) = [Sin@(ﬁz cosa + nsina)’ COSL;O]T

where the rotation angle y(a) is a function of a. Equating this with
Eq. (5) or Eq. (7) and solving gives

tan(6/2)
cosa

tan@ = 8)

To make y(a) > 0, we solve this as is:
0
y(a) = & — 2 arctan| cos acotz
Our axis-based formulation is

S (@) =

1 [tan%(iﬁcosa—}—ﬁsina)]
\/m cosa

_ xcosa+ ysin(/2) sina

B /cos?acos?(0/2) + sin?(0/2)

&)

The formulas from Sec. II describe the set of quaternions that align
the vectors. Here, we will identify which quaternions in the set are
closest to a given quaternion. This requires a distance metric. Con-
sider quaternions p and ¢ separated by angle J, the rotation angle
of pg*. From quaternion multiplication and Eq. (1) (and borrowing
the vector dot product), cos(6/2) = (pq*)s = p1:3 - q1:3 + Paqs =
P - q. The cosine double-angle identity then yields

Distance Metric: A(p, q) = arccos(2(p - )> — 1) (10)

Consider the input quaternion p = [p!.;  p,]”. The quaternion
that meets the pointing goals that is nearest [by Eq. (10)] p is an
orientation a satellite can assume to meet the goal with minimal slew.
Using Eq. (10), the distance between p and the quaternions in Eq. (5)
is A(p, f2(B)), so minima will satisfy

a4 Pe)(e- 5P

b T-Qp- PPN 1)

This is necessary but not sufficient, so the solutions must be checked.
One solution is p - f#(8) = 0, which, with Eq. (10), yields a maxi-
mized distance of z between f#(f) and p. Solving p - f#(f) = 0and
Eq. (5) gives

(1)

x(p-y)—y(p-x

Vp-x)?+(p-y?

The other simple case is when p - (df*(f)/dp) = 0. Differentiat-
ing Eq. (5) gives (df?(B)/dp) = ycosf—xsinp, so this case
occurs if p - ycosff = p - xsin . Solving this with Eq. (5) yields
the nearest quaternion to p:

and fP(fy) = £

tan fy = _pp yx (12)

anp, =22 and fr(p) = + @-x)x+(-yy (13)

p-x (P-x)*+(-y?

The distance between this nearest quaternion and p is A =
arccos(—1 4+ 2((p - x)> + (p - y)?)), the minimal distance.

The values from Egs. (12) and (13) work for almost any p. A few
exceptions should be checked. If p - x = p - y = 0, all quaternions in
the set f?(p) are a distance of 7 from p. The denominator singularity
can be safely ignored, as it simplifies to 2(p - fA(B))> — 1 = £1,
leaving two cases: p - f#(f) = 0 and p - f/(f) = £1. The former
was already explored and leads to Eq. (12). The latter has A =0
distance but only happens if the set f# () already contains p. Itis also
worth noting that if p is the identity quaternion, then x is the nearest
quaternion to p in the set and y is the farthest.

IV. Slewing with “Keep-Out” Zone

The use of these quaternion sets also increases flexibility and
allows for more complex goals, such as single-axis slews that still
respect a keep-out zone. In addition to 9 and &, consider b, a body
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frame vector that we want to “keep out” of a zone around a certain
world-frame direction a. The simplest example would be an imager

that should not point at the sun. Specifically, we do not want b tobe
within angle 5 of a. This constraint can be tested on an orientation ¢
using Eq. (2) to give ﬁTA(q*)I; < cos 7. One approach to go between
a starting orientation p and some specific ending orientation, while
avoiding the keep-out zone, would be to use sequential nonaligned
slews. However, the use of a set of goals allows this to be considered
in terms of single-axis rotations.

‘We want to find which single-axis slews between starting orienta-
tion p and goal set f(a) [using Eq. (9) as the rotation axis e(a) =
m cos a + i sin a is relevant] avoid the keep-out zone. Without loss
of generality, assume a starting orientation of p = [07 1]7. (Foran
arbitrary starting orientation py, first rotate & and a by p;.) The slew
to f(a) then simplifies to p* f(a) = f(a) (as p is the identity
quaternion). For later concision, define the values i(a) = (a - é())
(b - é(a)), j(@)=(axé(@))- (bxé(a)), and k(a) = é(a) - (a x b).

First, we need to know that the keep-out zone is not violated at the
starting or ending orientation, so we need both a’A(p*)b < cosp
and aTA(f (a)*)l; < cosy. Applying Eq. (2) to these yields the
conditions (leaving off the a argument from i, j, and k)

i+j=a-b<cosy (14a)

2 tan(6/2) (k cosa + jtan(0/2))
cos?a + tan?(0/2)

i+ j— < cosny (14b)
However, it is also possible that the starting and ending orientations
avoid the keep-out zone but it is violated midslew. During the slew
around the axis é(a), the rotation angle p will go from 0 to y(a)
[Eq. (8)]. From Eq. (1), the orientation midslew is

T

q(p) = [sin%éT(a) cos%’]

We need a”A(q* (p))l; < cosy for0 < p < y(a). From Eq. (2) (or the
Rodrigues rotation formula), this condition expands to cosn >
i(@) 4+ j(a)cos p — k(a) sinp. For this condition to pass, there are
two (nonexclusive) possibilities: either the global maximum of the
expression is less than cosy, or the maximum occurs outside of
0 < p <y(a). As the expression has the form a 4+ b cosx + csinx
(which has its maximum at x = atan2(c, b)), we know that our
maxima are at

Pmax = atan2(—k, j) = 2arctan<

—k )
J+ K+
To ensure p,.x > 0, we rewrite this as

j+¢W+ﬁ)
k

Pmax = T+ 2 arctan(

The value at this maximum is a’A(g* (pmax))bA =i+ 4+ k%
Thus, for an acceptable slew, one or both of the conditions must
be met: the maximum does not violate the constraint cosy >

alA(g* (pmax))l;, or this maximum occurs beyond the bounds of
the slew angle:

0
Pmax > 7(a) = 7 —2arctan cosacoti

Rewriting these conditions yields

cosn>i+ 4+ K (15a)

ENGINEERING NOTES

; 2 12
M> —cosacotg (15b)
k 2
Thus, values of a satisfying the conditions in Egs. (14) and (15)
correspond to acceptable slews. This is a constrained optimization
problem, and the equations involved are best solved graphically or
numerically. One option is provided in this Note’s associated Github
Repo. It is also worth noting that there may not always be a solution.
This can occur, for example, if the keep-out zone is violated atp = 0,
making Eq. (14a) always fail. Similarly, if Eq. (14b) has no feasible
solution, all options in the goal set violate the constraint and there is
no solution.

V. Application Cases

The simplest example case is to point a spacecraft with minimum
slew. Consider a directed antenna boresight along the body x axis that
needs to point at a ground station in the world-frame direction

(1/~2)[0 1 —1]7. This yields ®=[1 0 0]" and
a=0/v2)[0 1 =117, 506 = (z/2). Additionally,

_lo 11 1177 d ve 1 N r
x = NG and y= 5 21 -1 0
The set of orientations that point ® along & are thus, from Eq. (3),
1 T
AP = 3 [ﬁsinﬂsin/} + cosfcosff — sin/}\/icos/}]

First, a simple case, with the satellite’s current orientation
p=1[0" 1]". Using Eq. (13), we find that the acceptable orienta-
tion closest to this orientation is x, with # = 0. The rotation required
is p*x =x, which has an angle of (z/2) about the axis
(1/+/2)[0 1 1] in both the body and world frames.

Now consider p = (1/5)[1 -2 2 4]". From Eq. (13), the
acceptable orientation closest to p is

4x 4+ (1-22)y
25 —44/2

with # =~ —1.142. The rotation required has an angle of ~1.799 rad
about the body-frame axis (1/+4/1186)[0 31 15].

The ability to use a variety of goal orientations can be useful
for other trajectory goals. Consider the trajectory problem, with a
n = 30° keep-out zone to avoid pointing an imager toward the
sun. The imager boresight is b= [0 1 0] and the sun is in the
direction @ = (1/2)[—+/3 1 0] in the world frame. We will use
Po=[0" 1]7. The axis of rotation will be é(at) = i cos @ + i sina,
where

. OXu 1 . v+a 1 T
m=————-=—[01 1] and #=-—7— :7[\/5 1 _1]
[oxal 2 o+al 2

The angle of rotation is y(a) = & — 2 arctan(cos @). The trajectory
must satisfy Eqs. (14) and (15), which are best solved graphically or
numerically. Figure 1 shows the plot of the relevant inequality bounds.
The conditions in Egs. (14a) and (14b) are solid lines, which both must
be negative. Those in Eqgs. (15a) and (15b) are dash-dot lines; at least
one must be negative. With these constraints, Fig. 1 shows that
acceptable a are 0.094 < a $2.610 and 3.138 S o 5 5.327. Note
that the minimum slew (« = 0) is not acceptable, because both p ., <
7 [Eq. (15b)] and 47 A(q* (pma))b > cos 1 [Eq. (15)], so the keep-out
zone is violated. Instead, a ~ 0.094 has the minimum slew

of %1.575 rad (only slightly more than the minimum possible slew
of 7/2).
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0.6, al A(f'(a))b— cosn (BEq. 14.2) 1
L e a’ A(Q"(pimaz) )b — cosn (Eq. 15.1)
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Fig. 1 Plot of constraints that must be satisfied to avoid keep-out zone.
Lines represent inequality bounds: both solid lines and one or more dash-
dot line must be negative for allowed rotations.

VI. Conclusions

Specifying an exact orientation may be an unnecessary constraint
for pointing spacecraft if the goal is based on a single axis. The various
formulas in Sec. II describe a set of orientations that could point the
spacecraft correctly. In many cases, the most useful member of this set
will be the one closest to a satellite’s current orientation—the formula
for the orientation with minimum slew from an arbitrary quaternion is
found in Sec. IlI. However, the extra degree of freedom provided by
using a set of orientations (instead of simply the closest one) allows for
consideration of additional criteria. Section IV shows an example of
this, by finding the slews that avoid a keep-out zone. Finally, examples
of these formulas in use were shown in the application cases in Sec. V.
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